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Sensor Placement in Structural Control

H. Baruh* and K. Choet
Rutgers University, New Brunswick, New Jersey 08903

Issues associated with the placement of sensors in structural control and reliability systems are analyzed. The
sensor output is used to extract modal coordinates. Optimization procedures are used to determine the most
desirable locations of the operational sensors. It is shown that modal filtering by means of spline functions is
more desirable for modal coordinate extraction because of stability, robustness, and convergence consider-
ations. Selection of the number and location of the backup sensors is considered. It is observed that an even
distribution of the operational and backup sensors yields satisfactory results. However, an uneven placement of
sensors diminishes the quality of the modal coordinate extraction.

I. Introduction

N important issue in the control design for elastic systems

is the determination of the number and location of the
control system components, namely actuators and sensors.
Because sensors are used not only for calculating the feedback
control gains, but also for monitoring the reliability of the
control system and of its components and for monitoring the
accuracy of the mathematical model, selection of the number
and location of the sensors is critical. The determination of
the optimal number and placement of backup components,
which are to be brought on-line in the event of failure of one
of the operational sensors, is an additional issue in the control
design.

This paper is concerned with the optimization of the num-
ber and location of sensors that are necessary for the monitor-
ing, identification, and vibration suppression of a flexible
structure. The problem of determining the optimal number
and locations of backup sensors is considered as well. It is
assumed that the control and monitoring of the reliability of
the system model and of the control components is based on
modal information.

Recent work in determining the number and location of
control system components in distributed-parameter systems
include Refs. 1-9, where a variety of criteria have been consid-
ered. References 1 and 2 use an optimal control cost minimiza-
tion criterion. Minimization of the control energy is sought in
Ref. 3, and minimization of the expected value of a perfor-
mance index is sought in Ref. 4. Reliability issues are used in
Refs. 5 and 6. In Ref. 5, mission life is considered, and the
integral of the square of the modal amplitudes is used as a
performance measure. In Ref. 6, possible actuator failures
and the controllability of the system after failure has occurred
is considered. The degree of controllability is also used as a
criterion in Ref. 7. Failures of actuators and sensors are inves-
tigated in Refs. 8 and 9, respectively, where criteria are pro-
posed to locate the actuators and sensors in a way that facili-
tates the failure-detection process. The results of Refs. 3, 8,
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and 9 indicate that an even distribution of the control compo-
nents generally yields satisfactory results. General reliability
and replacement of control components is con51dered in Refs.
10 and 11.

In this paper, we assume that the output of the sensors is
used to extract modal coordinates. To this end, two ap-
proaches exist: modal filtering and Luenberger observers.!%!3
We consider here modal filters and associated implementation
issues, namely the types of interpolation functions and the
number of sensors to use for satisfactory performance. Previ-
ously, two types of interpolation functions were considered:

finite-element type and Rayleigh-Ritz type.'>!* We introduce

here spline functions and compare the three types of interpola-
tion functions. The comparison is carried out qualitatively for
accuracy and convergence of the modal extraction and to
identify the number of sensors required for satisfactory per-
formance. It is shown that in general spline functions are more
desirable because they provide a better interpolation of the
deformation profile and they are less sensitive to unevenness
in the sensor locations. They also have better convergence
characteristics.

Next, optimization of the location of the operational and
backup sensors is considered, where an objective function
measuring the quality of the modal coordinate extraction is
minimized. Note that measuring the accuracy of the modal
coordinate extraction is an indirect measure of observability.
Numerical examples are presented to illustrate the optimiza-
tion procedures and as a basis to compare modal filters for
different types of interpolation functions.

II. Equations of Motion and Modal
Coordinate Extraction
Consider the equations of motion of a structure, expressed
in the form

Lu(x,2) + m(x)it(x, 1) =f(x, 1) M

where u(x,¢) is the deformation at x at time ¢, L is the stiffness
operator, m(x) is the mass, and f(x,?) is the external excita-
tion, including controls. Using standard methods of analysis,
the modal equations of motion can be obtained as

i1, (1) + wiu, (1) =£(t), r=1.2,.. 2
in-which u,(¢) are modal coordinates, f,(¢) are modal forces

and w, are the natural frequencies. The modal coordinates and
modal forces are related to u(x,t) and f(x,t) as

u(t)= 3 6,()u,(t) (3a)
r=1
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u, (1)Y= (ux,1), mx)¢,(x)) (3b) Jj=1.2,..., ). It follows that the extracted modes are related to
o the actual modal coordinates by
fe )= Lm0, 0f (1) (o)
r=l qn(t) = GHpuups(t) + GHpup (1) + Gn(z) 0]
() =(x1), ¢,(x)) (3d)

where (a,b)= Sab dx, and ¢,(x) are the eigenfunctions, which
SaﬁSfy (0r(x), m(x)os (x)) =08y, (¢,(x), Lo =N = w% 6rs
(r,s=1.2,.).

In many applications, one needs to extract the modal coor-
dinates from the system output. One such case is modal con-
trol,'2.!4 where the feedback gains are a function of the modal
coordinates. Another case is modal parameter identifica-
tion,!>17 where the determination of the system governing
parameters is carried out by examining the modal output.
Another application is component failure detection,’®° where
the modal output is used to determine the reliability of a
control system and to identify any possible sensor or actuator
malfunctions. To extract the modal coordinates from the sys-
tem output we consider in this paper modal filtering.!%13

In modal filtering, use is made of the expansion theorem
[Egs. (3a) and (3b)] to extract the modal coordinates from the
system output. This requires spatially continuously distributed
measurements, which are not within the state of the art. Im-
plementation of modal filters using discrete measurements
requires generation of an approximation distributed profile by
interpolation or extrapolation of the sensors measurements as

. ‘
gty = Z:lu(xj,t)G(x,xj) @
e

where g(x,?) is the approximated profile, x; denotes the loca-
tion of the sensors (j =1,2,..., ), and G(x,x;) are interpola-
tion or extrapolation functions, in which the time and space
dependency are separate. Note that such an approach can
easily be extended to cases where the measurements are piece-
wise-continuous. Also, the design and implementation of
modal filters are independent of the number and location of
the system actuators.

Introducing Eq. (4) into the expansion theorem, we obtain
expressions for the extracted modal coordinates ¢,(¢), defined
as

4
a.()=(g(x,1), m(x),(x))= Elg,,-u(x,-,t), r=12,..
P

&)

where
& =(G.x), mx)o,(x) (j=12,..., £, r=1,2,...)

The accuracy of modal filtering depends on the number and
location of the sensors as well as on the type of interpolation
or extrapolation functions used. In the existing literature,
finite-element and Rayleigh-Ritz-type interpolation functions
have been used to implement modal filters.!2!3 Here, we sum-
marize these approaches and demonstrate the use of splines as
suitable interpolation functions. We denote the number of
modes of interest by m (referred to as monitored modes) and
partition the modal coordinates into their monitored and
residual components as # (¢) = [u;(¢) uz(£)---17 = [ () u L ()T
We also introduce the vector gu,(r), where g (t)=[qi(t)
g2(t)---q())7 and express the sensor measurements as yi(t)y=
u(x,t)y+n;(t) G =1,2,..., 0), where n;(t) (j =1,2,..., {) denotes
measurement noise.

One can relate the extracted modal coordinates to the actual
measurements by!3

qu()=Gy (1) ©6)

where y(f) is a vector of order £ containing the system mea-
surements, and the entries of G are g, (r=1,2,..., m;

where Hy(j)=¢;(x;) (i=1.2,..., {; j=12,..., m) and
Hp(0,j)=¢pmjx) (i=12,...; & j=1,2,...). The objective in
modal filter design is to select the number and location of the
sensors, the interpolation functions, and the number of moni-
tored modes such that GH,, approaches an identity matrix and
GHp, approaches a null matrix.

To investigate the minimum number of sensors required to
implement modal filters, we observe from the preceding equa-
tion that G is of order m*{ and H), is of order {*m. For GHy,
to approach an identity matrix of order m*m, it has to have
rank m. GH), has rank m only if both the matrices G and Hy,
have rank m, which implies that = m. The physical interpreta-
tion is that the number of sensors must be at least as large as
the number of monitored modes. Note that this requirement
on the minimum number of sensors does not guarantee accu-
racy of the modal filters.

When finite-element-type interpolation functions are used,
the distributed domain is divided into p intervals D;, and the
displacement in each interval is approximated by g;(x,t) as

D =LT@s; (1),  j=12.D ®)
in which L(x) denotes a set of local interpolation functions
from the finite-element method, and s;(f) denote the set of
measurements in the jth domain. Introducing Eq. (8) into Eq.
(5) and performing the algebra, the extracted modal coordi-
nates take the form!?

p
q:(t)= Z:lh,fsj(t ) ®
Jj=

where

hj = S m(x)¢, ()L (x) dx (10)
D;

J

Through assembly of h;, for each sensor, the modal filter
gain matrix G can be computed.

When Rayleigh-Ritz-type modal filters are used, the inter-
polation functions are global, and the interpolated profile has
the form

4
q(xt)= §¢,(x)n,(t) an

in which ¢,(x) are admissible functions. To determine the
amplitudes 75,(¢), we express the system output as

y(&)=Dy(t) 12)

where Dy =y;(x;) (j=1,2,...; i=12,..., £) and 9(¢)=[n,
N2,...]7. If the number of extracted modes is selected the same
as the number of sensors, {=m, these coordinates can be
computed by inverting the matrix constructed by the first £
columns of D (denoted by D,,) to yield

(1) =Dy 'y (1) 13)

in which n,(¢) denotes the first m entries of »(¢). The term
Dy;! is the counterpart of G in Eq. (6). Substituting Eq. (13)
into Eq. (11), the approximate deformation profile has the
form

? {
qeat)= Lvs(0) 1D 1y (1) (14)

s=1 Jj=1
and the entries of the modal filter gain matrix become

¢
Grj = ;‘[D];[l]sjgm(x)(br(x)‘//s(x) dx (15)
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A special situation is encountered when the admissible func-
tions are selected as the eigenfunctions of the system. In this
case, Dy, becomes the same as Hjs, and n,(¢) = gar(2), so that

gu(t)=Hy'y(1) (16)

where it is observed that Eq. (16) can be obtained without
considering interpolation of the system output at all.

We next consider use of splines as interpolation functions.
Here, one must determine which order spline functions to use.
The answer is dependent on the number of boundary condi-
tions one can specify.

For illustrative purposes, let us consider beam vibrations
and use cubic splines as interpolation functions. As is well
known, cubic splines yield functions with continuous first and
second derivatives. We divide the beam length, taken as L,
into k elements, each of length d; (i =1,2,..., k) and denote the

_locations of the nodal points by Xx;, such that x,=0, x;=d|,
X3=dy+ds,..., Xy, 1=L. The number of sensors are related to
k by the types of boundary conditions used. The approximate
profile at the ith interval can be expressed as!®?

qi(x%,1) = A; (M (1) + Bi(x)M; . ()
+ Cilx)yi(t) + Di(x)yis1(2) amn
in which
Ai(x)=(1/6d;)(x;1 —X)* = (di/6)(x; 1~ X),
Bi(x)=(1/6d;)(x —x;)* — (d;/6)(x —x;)
Ci() = (1/d) (X1 —x), Di()=(1/d)(x —x;) (18)

and M;(¢t) and M;, ,(¢) are the values of the second derivatives
of the approximated profile at the nodal points, i.e., M;(¢)=
q"(x,1), (i=1,2,..., kK +1). In standard spline interpolations,
one knows y; and finds M; using the continuity relation for the
first derivative.We will use the same approach, and set
qi (. 1)=q 1.1 (xiy1), which vyields for the intermediate
nodes!*20

(d:/6OM;(£) + [(d; + dis 1)/ 3IM; 1 (1) + (i1 /6)M 1 5(2)
=i/d) ~yinl(1/d:) + (1/di )+ iy 2/ di 1)
i=1.2,.., k-1 (19)
The next step is to determine relations for the second deriva-
tives at the end points. To accomplish this, we will consider

the boundary conditions. If at x =0 there is a pinned or free
end we can write

M\(1)=0 (20)

For a fixed end, or if the slope ¢’(0,¢) is prespecified,
qi(x,t) is evaluated at x =0, which yields?

qi(0,0) = —(di/HM(2) — (d1/O)M(t) — 1)/ dy + yo2)/ d)
D
In a similar fashion, one can find the appropriate relation

for the end x = L. The k — 1 relations of Eq. (19) and the two
boundary terms are then assembled in matrix form as

PM@)=0Qy(#)+F() 22)

where M(#) = [M(¢) Ma(t) -+ My (DT, [y ()= () o2) -+
Yieet(D]T and P and Q are tridiagonal matrices. They are
symmetric for at least the second through ¥ —1 rows and
columns, depending on the boundary conditions. F(¢) is a
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vector containing expressions related to the slopes at the
boundaries. For example, for a cantilever beam fixed at x =0,
F(t)=0 and P and Q have the forms

Py=di/3, Priixa1=1,

Pi=(d;+di.)/3, i=23,....,k (23a)
Piior=Pisr;=d,/6, i=12,., k=1  (23b)
Pyyr1=d,/6, P x=0 (23¢0)
Qu=—-Vdi, Qri14+1=0,
Qi=—/di+1/d;,y), i=23,..,k (23d)
Quivr=0irri=1/d;, i=12,0 k—1 23¢)
Qikr1=1/dy, Ok+1,6=0 (23

All other entries of P and Q are zero. One can then relate
the values of M(¢) to the values of y(¢) by inverting Eq. (22),
which yields

M@)=P~'Qy() 24

where it is observed that the matrices P and Q are not time
dependent, so that the inversion has to be performed only
once, before the modal filter extraction begins.

Next, we introduce the interpolated profile into the expan-
sion theorem and carry out the algebra, which yields

k
qr(t)=E§ m (0, (x)q;(x,t) dx = ATM()+Bly(t) (25)
i=1J D,

where
Ar = [arl brl +ay br2 +apz - br,k-—l + Qrk br,k]T (263)
Br = [Crl drl +Cn er +Cp dr,k—l + Crk dr;k]T (26b)

in which

ari=S m(x)$,(x)A4;(x) dx, bri=§ m(x)$, (x)B;(x) dx
D; D;

i

(27a)

c,izs m(x)$,(x)Ci(x) dx, d,,-=§ m(x)$,()D;(x) dx
D; D;

i i

(27b)
Equation (25) can be expressed in the matrix form
qu()=AM(@)+By(?) (28)

where 4 =[4, A, -+ A,,]7 and B=[B, B, - B,;]7. When Eq.
(28) is combined with Eq. (24), we obtain the relation between
the extracted modal coordinates and system measurements as

gu(t)=Guy()=1AP~'Q +B] y(1) 29

For axial or torsional vibration problems, because there is
only one boundary condition at each end, one cannot use
cubic splines for interpolation. The spline functions suitable
for such problems are quadratic splines,?® which provide con-
tinuous profiles with continuous slopes. Their implementation
is almost identical to the implementation of cubic splines and
their description is not included here for the sake of brevity.

In the event of failure of a sensor, the performance of the
modal coordinate extraction deteriorates. We will consider the
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following mode of failure. Denoting the actual measurement
vector by y,(?), we relate it to the sensors output by

Ya(O)=S(ty () - (30

where S(¢) is a diagonal matrix denoting the level of failure.®
Replacing y(¢) by y,(t) in Eq. (7), we obtain the relationship
between the extracted modal coordinates and actual modal
coordinates as®

qu(t) = GS(O)Hpup () + GS(O)Hrup(1)+ GS(Hn (1) (1)

and the matrix GS(t)H,, deviates from an identity matrix.

Next, we investigate the performance of modal filters in the
presence of parameter uncertainties and eigensolutions ob-
tained by spatial discretization. One must be concerned with
two effects: 1) the deviation of the extracted modal coordi-
nates from the actual modal coordinates and 2) the stability of
the modal coordinate extraction. Consider model uncertain-
ties in the form m’ (x) and L’, where the primes denote that the
mass and stiffness operators are erroneous and based on some
postulated model. We develop a discretized model of order
N using an approach such as the finite-element method or
weighted residuals. Solution of the associated eigenvalue
problem yields the computed eigenvalues A, and eigenfunc-
tions 6,{(x) (r=1,2,..., N), which obey the orthogonality rela-
tiOIlS 6,(x), m'(x)6;(x)) =0, [0,()(), 0:())=A.0,5 (rs=
1,2,..., N), where the square brackets denote the energy inner
product associated with the postulated stiffness. The expan-
sion theorem can be written as follows, where v,(¢) are modal
coordinates of the postulated discretized system:

N
u(x,t)=§vr(t)0,(X), v (8)=(u(xt), m (x)0,(x)) (32)

When discrete sensors are used, the distributed profile can be
approximated by Eq. (4), which, when substituted into the
preceding equation, yields for the monitored postulated coor-
dinates extracted from the system output w(¢) of order m (in
the event of no failure)

vt;(t)zG’HMuM(t)+G'HRuR(t)+G’n(t) (33)
or
w()=G' Jyvu(t)+ G Jrvr (1) + G'n(t) 34

where G/ =[G (x,x;), m(x)8,(0)] (r =1,2,..
JM(I)J)=01(XI) (l = 1’2’---’ f; j = 172""9 m)9 and JR(i:j)=
O i) (=1,2,..., 8 j=1,2,..., N—m).

One designs the number and location of the sensors such
that G’Jy approaches an identity matrix and G’Jr ap-
proaches a null matrix. However, the actual relationship be-
tween the extracted and actual modal coordinates is given by
Eq. (33) so that the error incurred due to the mode! uncertain-
ties and spatial discretization can be seen by how much G’ H,,
deviates from an identity matrix.

smyj=12,.., 0;

III. Convergence Considerations in Modal Filters

Equation (5), which relates the extracted modal coordinates
to the interpolated deformation profile g (x,), basically repre-
sents an orthogonal function expansion of g(x,#). We can then
make use of the convergence properties of orthogonal series
expansions and of Fourier series to examine the convergence
rates of modal filters. First, we summarize some results from
Fourier series.

It is well known that given a function f(x) defined between
0 and 2, its Fourier series expansion is given by the function
g(x) with period 2, such that

g0 = % + YL(a, sinrx + b, cosrx) (3%)

r=1-
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where the coefficients.a, and b, can be found from*

27
= i,‘ Sf(x) sinrx dx (362)
0

27
b, = lX S) cosrx dx (36b)
TJo

It can be shown that if f(x) is piecewise continuous and has
bounded total variation,?

g)=0.50/(x*)+f(x7)} 37

What makes the expansion possible and convergent is the
orthogonality of the expansion functions. It is of interest to
determine the order of the coefficients @, and b,. This is
related to how many times f(x) can be differentiated. To
demonstrate this, consider a Fourier sine series and integrate
Eq. (36a) by parts, which yields [assurning that the values of
f), £/ (%), f7(X),... at x =0 and x =2x permit the boundary
terms to vanish]

1 27 1 27
a,= S S(x) sinrx dx = S S (x) cosrx dx
T

0
— 15 S (x) sinrx dx = (38)
Tar?

The integration can be carried out until the kth derivative of
f(x) is piecewise continuous. It is shown in Ref. 22 that in such
a case the coefficients a, are of order O(1/r%*"). Also, there
is a Gibbs effect in the expansion of f®)(x).22 The order of the
coefficients g, is larger if the boundary terms of the partial
differentiation do not vanish, leading to a Gibbs effect in a
lower order derivative of f(x).

The preceding results are valid not only for a Fourier series
expansion of a function, but also for any orthogonal series
expansion of a function.?? We propose to make use of Egs.
(35-38) to investigate convergence properties of the different
types of interpolation functions in modal filtering. Using the
expansion theorem, one can express Eq. (5) as

g ()= E Y s 05 (1) = E erstis(£),

Jj=1s=1

r=1,2,...
(39)
where
€ =18, 05(X;)

are the elements of GH in Eq. (7). As shown earlier, for modal
filters to yield accurate results, e,, must approach zero when
r #s, which implies that g,; must do so as well. Recalling the
definition of &ris 8rj =(G(x)xj)’ m(x)¢r(x)) (.l = 1929~-~’ e;
r=1,2,...), we observe that the issue at hand is the eigenfunc-
tion expansion of the interpolation functions.

When finite-element-type interpolation functions are used,
if only displacement measurements are available, one can use
linear or quadratic measurements that guarantee continuity at
the external nodes. The output of a sensor, if at an external
node, provides a profile of the displacement for the two ele-
ments connected to that node. For example, for lmear ele-
ments, if we denote the element interpolation functions in the
Jth element by L;(x) and Lj(x), G(x,x;) has the form

G (x,x;) = Lj»(%) (jth element)
=Lj;1,1(%) (/ + 1st element)
=0 (elsewhere) (40)

It follows that G (x,x;) has no continuous derivatives so that
its eigenfunction expansion permits spatial differentiation
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only once. We then conclude that g,; are order O(1/r2). Note
that if hierarchical finite elements are used, the quality of
interpolation is improved inside the domain of the individual
elements, but the continuity properties at the external nodes
are not changed. The order of &, still remains O(1/r?). This
order can be improved to ©(1/r3) if slope measurements are
taken or synthesized and hermite cubics are used as interpola-
tion functions, which permits continuity of the slope profiles
as well.

For the case of Ritz-type interpolations, one can select a
variety of functions. Assume for the time being that the
closed-form eigensolution is available. If these functions are
used as the interpolation functions, we know that e, =6,,
(r,s=1,2,..., m). Nothing, however, can be said about e,
when either r or s is larger than m. It follows that g,; are order
0(1) for r>m or s >m. This feature summarizes the advan-
tages and disadvantages associated with using Rayleigh-Ritz-
type interpolation functions. One obtains perfect accuracy
with the monitored modes and totally ignores the residual
dynamics. This situation can be improved by selecting the
number of sensors used larger than the number of monitored
modes.

When a closed-form eigensolution is not available and a
solution is sought using spatial discretization, or if the interpo-
lation functions used are admissible functions, convergence of
modal filtering is dependent on the differentiability of the
functions used. Since in most cases a finite-element approach
is taken, we conclude that g, will be of order O(1/r?) or
O(1/r3). This, of course, increases the values of e,, for r,s < m.
One has to go into specific cases to determine whether the
increase in accuracy in the residual dynamics justifies the
corresponding loss in the monitored modes.

For the case of cubic splines, continuity of the second
derivative of the interpolated profile is guaranteed, leading to
the conclusion that g, are of order ©(1/r%. For quadratic
splines, g,; are ©(1/r3). We observe then that as far as orders
of convergence are concerned, using splines as interpolation
functions is more desirable.

One final note about accuracy of modal filters. The conver-
gence rates are very important quantities, but they do not
depict the entire picture when determining the quality of
modal filters. First of all, the number of sensors is of critical
importance, a factor not observable from the orthogonal se-
ries expansion of G(x,x;). Second, while the convergence rate
gives us an order, it does not quantify the actual coefficients.
To assess the overall performance of the different types of
interpolation functions, one must consider a quantitative anal-
ysis as well, which we carry out in the next section.

IV. Optimal Placement of Sensors

In this section, we quantitatively analyze the performance
of modal filters and the accuracy of the modal coordinate
extraction in the event of sensor malfunctions and when all
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components are operational and consider the placement of
backup components.

We consider two models: bending vibration of a pinned-
pinned beam and axial vibration of a tapered bar fixed at one
end and free at the other. These two models are chosen be-
cause they both possess closed-form eigensolutions such that
the accuracy of the results can be monitored. Also, the models
have different characteristics. The tapered bar has closely
spaced natural frequencies that increase with almost arith-
metic progression, and the beam has frequencies that increase
in geometric progression. The asymptotic behavior of the
eigenvalues \,, as r — oo is of order O(r?) for the tapered bar
and O(r%) for the beam problem. In general, for a boundary-
value problem of order 2p, the asymptotic behavior of the
eigenvalues is of order O(r%) as r — 0.2

For the beam problem, the equation of motion and
boundary conditions have the form

n(x)ii(x, £) + P[EI(x)0%u(x, 1)/ 0x?)/ox2=f(x,t), O<x<L

u(0,1)=0, EI(O)u"(0,t)=0, u(L,t)=0, EI(Lyu"(L,1)=0
@én

where u(x,t) is the transverse deformation at point x, u(x) is
the mass distribution in the form u(x) = u, EI(x) is the stiffness
as EI(x)=EI, and f(x,t) is the external excitation, including
controls. It is well known that this model admits a closed-form
eigensolution
¢, (x)=sinrzx/L, r=1,2,... 42)
where the subscript 1 denotes that it is the first model used.
For the axial vibration problem, the equation of motion is

p(X)it(x,1) = O[EA (x)0u (x,1)/3x)/dx + f(x, 1), 0<x <L (43)
u(0,)=0, EA(L)u’'(L,t)=0

where u(x,t) is the axial deformation at point x, p(x) is the
mass distribution in the form p(x) =2p(1 —x/L), EA(x) is the
stiffness as EA(x)=2EA(1—x/L), and f(x,t) is the external
excitation, including controls. The eigensolution can be shown
to be in the form
b2 (X)=JIB, L (1 —x/L)], r=1,2,... (44)
where J, is the Bessel function of order zero, and 8, are roots
of the characteristic equation Jo(8,L) = 0 from which the natu-
ral frequencies are obtained. For both the bar and beam, the
length is taken as L = 10. Also, u=p=1, EI=1, and EA =1.
We first consider optimization of the sensor locations when
all sensors are operational. To accomplish this, we define an

Table 1 Optimal sensor locations for pinned-pinned beam, failure not considered

Sensor Locations

Initial 1.66667 3.33333 5.00000  6.66667 8.33333 . J (initial J)
Finite-Element 1.67713 3.38286 5.00005 6.61749 8.32293 0.71744  (0.72693)
Rayleigh-Ritz 1.65699 3.35362 5.00000  6.64638 8.34301 0.09697  (0.10025)
Cubic Splines 1.65597 3.35366 5.00002 6.64634 8.34403 0.08698  (0.08970)

Table 2 Optimal sensor locations for tapered bar, failure not considered

Sensor Locations (first through fifth, sixth at 10.0)

Initial 1.66667 3.33333 5.00000  6.66667 8.33333 J (initial J)
Finite-Element 1.60193 3.35253 4.96594 6.47589 7.88085 0.58216  (0.70839)
Rayleigh-Ritz 1.60471 3.20996 4.81592 6.42508 8.04769 0.00002  (0.10550)
Quadr. Splines 1.59247 3.20006 4.80338 6.40286 8.00949 0.01030  (0.25363)
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Table 3 GHpys and GHg matrices for pinned-pinned beam,
finite-element-type modal filters

0.998576 0.000003 0.005162 0.000017 ]
GHy 0.000001 0.983867 0.000020 0.210953
0.000017  —0.000001 1.032049 0.000013

| 0.000001 0.035120  —0.000020 0.800622 |

I 0.301068 0.000069 —0.279459 —0.000107 ]
GHx 0.000023 0.026945 0.000048 - 0.267547
0.006017 —0.000011 —0.030513 —0.000107

| —0.000008 —0.050268 —0.000174 —0.766629 |

Table 4 GHps and GHgr matrices for pinned-pinned beam,
Rayleigh-Ritz-type modal filters

1.000000 0.000000 0.000000 0.000000 |
GHy 0.000000 1.000000 0.000000 0.000000
0.000000 0.000000 1.000000 0.000000
L 0.000000 0.000000 0.000000 1.000000 |
[ 0.000000 0.000004 0.032744  —0.000002 ]
GHg 0.000000 0.032744 0.000005 —0.011858
0.000000 0.000002 0.021262 0.000002
| 0.000000 —0.011482 —0.000001 —0.967124 |
Table 5 GHjys and GHg matrices for
pinned-pinned beam, cubic splines
0.999889 0.000000 —0.000584 0.000002
GHyy 0.000000 0.997756 0.000000 —0.000337
—0.000007 0.000000 0.985518 —0.000002
0.000000° —0.000021 0.000000 0.939055 |
0.006552 —0.000014 0.027274 0.000027 ]
GHg —0.000001 0.033839 0.000001 —0.010428
0.007790 0.000014 0.015275 —0.000025
0.000003 —0.009790 —0.000001 —0.907108 |

objective function that provides a measure of the accuracy of
the modal coordinate extraction. As stated earlier, the objec-
tive is to have the matrix GH), approach an identity matrix
and to have GHpy approach a null matrix. From Eq. (8), the
error in modal filtering can be defined as

upm(t)—qu(t) = —GHylup (1) — GHrup (1) —Gn(t) ~ (45)

In addition, because the lower modes contribute more to the
system output, they need to be extracted with better accuracy
than the higher modes. Another way of stating this is that,
because the higher modes have lower amplitudes, they can
tolerate more errors in their extraction. We then define the
performance functional that has to be minimized as J = J(x,,
X3,...5 Xp), Where

m m n—m
J =§l [ EI(GHM — D}/ + ,; (GHR),«Zj/w,-w,,,”}

ji=

s.t. 0<x; <L, i=12,..., 0

Xi— 1 <Xi <Xit1s i=2,3,..., -1 (46)
in which the elements of GH), and GHy, are weighed depend-
ing on the natural frequencies of the modes they affect. The
following parameters were used for the optimization. For the
pinned-pinned beam, the number of monitored modes was
taken as m =4, the number of residual modes was taken as
n—m =4, and the number of sensors was selected as £=35.
For the axial vibration problem, the parameters selected were
m=4, n=8, and {=6. For the tapered bar, one of the
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Table 6 Effect of failure of a sensor by 50% on the objective
function Ji, pinned-pinned beam (FE: finite-element,
RR: Rayleigh-Ritz, CS: cubic splines)

Faulty sensor FE RR CS
k=1 1.910348 1.131945 1.123407
2 2.692348 2.998509 2.983163
Ji 3 5.983435 3.812228 3.800102
4 2.692348 2.998509 2.983163
5 1.131945

1.910346 1.123407

Table 7 Effect of failure of a sensor by 50% on the objective
function Jx, tapered bar (QS: quadratic splines)

Faulty sensor FE RR Qs
k=1 1.027193 0.499249 0.621307
2 ) 1.344897 0.725276 0.853883
T 3 1.389944 0.895112 1.042774
4 1.573913 0.984729 1.122892
5 1.295084 0.791381 0.921378
6 0.241735 0.382878

0.825442

sensors was placed at the tip of the bar, i.e., x,=L, and its
location was not varied throughout the optimization.

The golden section search method,?* combined with a first-
order gradient technique, is used for finding the minimum
values of J. In this approach, first the direction of steepest
descent (gradient) is obtained by numerical differentiation.
Then, using the golden section technique, the minimum point
in the direction of the gradient is obtained. The procedure is
repeated until the norm of the gradient or the difference in
objective functions between adjacent steps reach a threshold
value. Also, even though Eq. (46) defines a constrained prob-
lem, the optimization procedure used was an unconstrained
one. This is because we expected the optimal sensor distribu-
tions to be even and selected our initial distributions relativel
evenly. '

Tables 1 and 2 compare the results of the optimization for
the three sets of interpolation functions for the two models
considered. The Rayleigh-Ritz-type modal filters are imple-
mented by using the eigenfunctions of the system. For the
tapered bar, when splines are used, quadratic splines are con-
sidered. For beam vibrations, cubic splines are used. We ob-
serve that the three interpolation approaches work with com-
parable accuracy, with Rayleigh-Ritz-type filters giving
slightly better results for the tapered bar. The optimal sensor
locations obtained from all three analyses are very similar to
each other, which is to be expected. Comparing the initial and
final values of objective function, we observe that there is not
too much change, so that a relatively even spreading of the
sensors yields satisfactory results. For the tapered bar, the
optimal locations tend to move towards the fixed end, which
has a larger mass distribution, an expected behavior.

Tables 3-5 show the GH matrices for the optimal sensor
locations for the pinned-pinned beam. Naturally, GH,, should
approach an identity matrix and GHy, should approach a null
matrix. As can be seen, the accuracy of the modal filter
extraction is comparable, with finite-element-type filters
yielding slightly less accurate results, Rayleigh-Ritz-type filters
give a GH), matrix that is an identity matrix, but these filters
result in the GHy matrix having higher values, a consequence
of their not considering the modes that are not modeled. Note
that the first column of GHpy, is identically zero because, with
five sensors and four monitored modes, Rayleigh-Ritz-type
modal filters can eliminate the contribution of the first resid-
ual mode to the monitored modes exactly.

Next we consider sensor malfunctions. The objective is to
place the sensors such that in the event of sensor failure, the
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Table 8 Optimal sensor locations for pinned-pinned beam to accommodate failures

Sensor Locations

Initial 1.66667 3.33333 5.00000 6.66667 8.33333 J (initial J*)
Finite-Element 1.75782 3.48380 4.99973 6.51565 8.24197 2.96624 3.03765
Rayleigh-Ritz 1.75295 3.46418 4.99997 6.53579 8.24700 2.36980 2.41463
Cubic Splines 1.76159 3.48185 4.99933 6.51695 8.23796 2.35501 2.40265

Table 9 Optimal sensor locations for tapered bar to accommodate failures

Sensor Locations (first through fifth, sixth at x= 10)

Initial 1.66667 3.33333 5.00000 6.66667.  8.33333 J* (initial J*)
Finite-Element 1.61250 3.37376 4.97177 6.47798 7.88159 1.34530 1.49130
Rayleigh-Ritz 1.61679 3.23173 4.82895 6.42578 8.03680 0.70829 0.82750

Quadr. Splines 1.59224 3.19788 4.79919

6.39178 7.99471 0.69422  0.98902

Table 10 Objective function when faulty sensor is replaced
by a backup, one backup sensor, finite-element interpolation

Table 12 Objective function when faulty sensor is replaced
by a backup, one backup sensor, cubic splines

Backup locations

Faﬁlty Backup locations

Faulty -

sensor 1 2 3 4 sensor 1 2 3 4
1 1.451057 3.833609 4.084225 3.902011 1 0.858790  3.039593 3.342801 3.161065
2 2.543774 2.547080 6.140441 5.976546 2 1.477237 1.657844 4.582862 4.827636
3 6.516946 2.525715 2.524318 6.517659 3 5.044105 1.819949 1.820020 5.044106
4 5.975988 6.140352 2.546187 2.544318 4 4.827414 4.582699 1.657815 1.477095
5 3.900320 4.083303 3.832231 1.451133 5 3.161089 3.342811 3.039557 0.858759

Total 20.388085 19.130058 19.127402 20.391667

Total 15.368635 14.442897 14.443055  15.368660

Table 11 Objective function when faulty sensor is replaced
by a backup, one backup sensor, Rayleigh-Ritz interpolation

Backup locations

Faulty i
Sensor 1 2 3 4
1 1.813261 29.922001 102.461696 172.683969
2 1.668439 2.526517 24.510521 53.698627
-3 14.658159 2.351099 2.351079 14.658182
4 53.698223 24.510398 2.526484 1.668446
5 172.680824 102.460315 29.921537 1.813252

Total 244.518907 161.770330 161.771317 244.522475

loss of accuracy in the modal coordinate extraction will be
minimized. We investigate the effects of failure by comparing
the. value of the objective function in the presence of faulty
sensors. The performance functional is modified to show the
effects of failure as

m m
Jo= 2 |: Y (GSiHy — D}/ wiw;

i=1Lj=1

n—m
+ Y (GSiHR)3/wioom j], k=1.2,.,¢ (47)

j=1

in which J; denotes the value of the objective function calcu-
lated with the sensors of initial locations as given in Tables 1
and 2, and S; is a diagonal matrix with its kth diagonal
element denoting the level of failure in the kth sensor. Tables
6 and 7 give the values of J; for a level of failure of 0.5 for
each sensor. Comparing these results with Tables 1 and 2, we
observe that for both models failure of a sensor adversely
affects the value of the objective function and that failure of
a sensor in or around the middle of the domain affects the
accuracy of modal coordinate extraction more.

We consider next the optimization of the sensors’ locations
to accommodate failures. We consider the objective function

{
J*= Y Iw(k) (48)
k=1

where J; is defined in Eq. (47) where w(k) is a weighting
function such that Zw(k) = 1. In each case of failure, the
faulty sensor is assumed to read only 50% of the actual
displacement, and the probability of failure for each sensor is
assumed equal, leading to w(k) = 1/¢. The optimization was
conducted using the same approach described earlier. The
results are shown in Tables 8 and 9 for the two models used.
From these tables, we can draw two cenclusions. First, the
optimal locations of the sensors that minimize the effects of
malfunctions are very close to the optimal locations obtained
when failure is not considered—especially for the tapered bar.
Second, Rayleigh-Ritz-type filters and splines do a compara-
ble job, which is better than finite-element filters, with splines
leading to slightly lower values of the objective function J*.

We next investigate the number and placement of backup
components. When a control system component is diagnosed
as faulty, one has a number of options and considerations. If
the level of failure is low, one may get away with doing
nothing. If the sensor has to be replaced, two problems
emerge: 1) which one of the backups to use and 2) how to
reconfigure the control system. Intuitively, one can expect that
providing more backups increases the reliability of the control
design. However, with the large number of sensors expected to
be used in future structures, it will not be feasible to provide
a backup for every operational component.

We consider first the case of a single backup sensor. The
candidate locations are selected as follows. Denoting the oper-
ational sensors’ locations by x,,x;,..., Xx;, the candidate loca-
tions are chosen as z; = (x; + x;,1)/2 (i = 1,2,..., £—1). Ta-
bles 10-12 display the value of the objective function J for the
candidate backup locations in the event of failure for the
pinned-pinned beam, where the sensor locations are taken as
those in Table 1. The ji element of Table 1, denoted by Jj;,
corresponds to the value of J [Eq. (46)] when the jth sensor is
faulty, it is removed from operation and the backup sensor in
location i is brought on-line. As expected, the results are better
if the backup component is located close to the faulty sensor.
We also observe that spline functions yield better resuits, and
the results become especially undesirable for the case of Ray-
leigh-Ritz-type filters, which demonstrate themselves to be
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Table 13 Objective function when faulty sensor is replaced by a backup, one backup sensor, finite-element interpolation
Faulty Backup locations
sensor 1 2 3 4 S 6 7 8 9 10 11 12
1 0.271 0.277 0.310 0.322 0.305 0.359 0.316 0.328 0.297 0.329 0.344 0.349
2 0.629 0.320 0.336 0.630 0.532 0.553 0.520 0.521 0.504 0.539 0.557 0.563
3 0.823 0.805 0.318 0.372 0.803 0.862 0.841 0.862 0.826 0.860 0.873 0.877
4 1.045 1.044 1.092 0.506 0.488 1.053 0.979 0.954 0.957 0.988 1.014 1.023
5 1.141 1.132 1.069 0.991 0.326 0.534 0.906 0.940 0.980 1.020 1.043 1.053
6 1.013 1.007 0.983 0.985 1.063 0.396 0.404 1.024 0.918 0.937 0.950 0.952
7 0.747 0.741 0.719 0.688 0.608 0.544 0.277 0.328 0.658 0.712 0.757 0.770
8 0.940 0.934 0.907 0.884 0.839 0.889 0.969 0.505 0.464 0.977 0.933 0.922
9 0.977 0.972 0.955 0.938 0.930 0.924 0.884 0.852 0.284 0.390 0.903 0.911
10 0.446 0.440 0.418 0.395 0.363 0.387 0.391 0.430 0.516 0.296 0.296 0.532
11 0.398 0.394 0.375 0.359 0.351 0.353 0.354 0.358 0.313 0.328 0.277 0.289
Total 8.429 8.067 7.482 7.069 6.609 6.853 6.841 7.103 6.717 7.376 7.946 8.242
Table 14 Objective function when faulty sensor is replaced by a backup, one backup sensor, Rayleigh-Ritz interpolation
Faulty Backup locations
sensor 1 2 3 4 5 6 7 8 9 10 11 12
1 0.041 0.132 0.916 2.556 8.048 22.326 34.197 40.482 45.771 76.810  130.861  197.076
2 0.703 0.094 0.153 1.063 4.653 14.992 24.261 29.855 34.835 59.644  102.455  154.945
3 3.563 1.441 0.124 0.216 2.233 9.190 16.291 21.373 25.813 44.785 77.715  118.466
4 10.431 5.720 1.802 0.223 0.232 ~3.461 8.103 12.490 16.836 31.209 55.723 86.225
S 19.682 11.979 4.858 1.405 0.155 0.534 2.584 5.393 8.282 16.004 29.371 46.410
6 24.902 16.122 7.649 3.313 1.535 0.181 0.119 1.090 2.661 6.328 12.609 20.762
7 28.055 18.618 9.185  4.186 2.419 0.896 0.105 0.135 0.770 2.126 4.564 7.917
8 64.064 43.439 22.653 11.771 8.455 4.967 1.982 0.202 0.137 1.207 3.450 6.758
9 163.123  111.903 59.302 31.176 23.664 16.462 8.550 2.205 0.130 0.184 1.327 3.587
10 115.598 80.046 43.458 24.128 19.708 15.187 9.074 3.289 0.684 0.075 0.064 0.492
11 393.037  272.652  147.897 81.273 66.585 52.980 32.912 12.978 3.646 1.202 0.207 0.064
Total 823.199 562.147 297.996 161.310 137.687 141.176  138.178 . 129.492  139.566 239.574 418.345  642.701
Table 15  Objective function when faulty sensor is replaced by a backup, one backup sensor, cubic spline interpolation
Faulty Backup locations
sensor 1 2 3 4 5 6 7 8 9 10 11 12
1 0.032 0.066 0.125 0.140 0.133 0.147 0.130 0.140 0.132 0.138 0.138 0.134
2 0.263 0.074 0.074 0.260 0.300 0.310 0.308 0.307 0.307 0.306 0.307 0.304
3 0.559 0.507 0.107 0.140 0.533 0.589 0.552 0.568 0.552 0.564 0.564 0.559
4 0.728 0.741 0.677 0.172 0.158 0.684 0.726 0.727 0.732 0.726 0.727 0.724
5 0.759 0.760 0.763 0.662 0.113 0.319 0.691 0.752 0.753 0.758 0.756 0.754
6 0.644 0.649 0.642 0.653 0.591 0.137 0.088 0.514 0.614 0.645 0.649 0.640
7 0.450 0.451 0.454 0.453 0.437 0.369 0.082 0.102 0.416 0.453 0.452 0.454
8 0.649 0.650 0.647 0.659 0.641 0.662 0.607 0.168 0.131 0.596 0.656 0.645
9 0.651 0.654 0.653 0.655 0.663 0.656 0.646 0.571 0.076 0.161 0.585 0.659
10 0.230 0.232 0.230 0.237 0.220 0.243 0.223 0.234 0.207 0.046 0.053 0.218
11 0.176 0.178 0.176 0.181 0.177 0.183 0.175 0.178 0.157 0.140 0.069 0.048
Total 5.140 4.963 4.546 4.214 3.965 4.299 4.226 4.260 4.078 4,534 4.957 5.137
Table 16 Minimum values of Jr, using objective Table 17 Minimum values of Jr, using objective
function given by Eq. (46) function given by Eq. (53)
No. of No. of
backups FE RR Cs backups FE RR CS
1 6.608 129.492 3.966 1 46.606 23.901 19.063
2 5.368 13.491 2.814 2 38.475 9.325 15.241
3 4.523 7.274 1.975 3 31.031 6.955 12.340
4 3.870 4.423 1.318 4 26.479 5.173 9.539
5 3.767 2.342 1.076 5 23.718 3.841 7.877
6 3.731 1.467 0.983 6 22.198 3.358 7.086
7 3.723 1.324 0.955 7 21.922 3.268 6.847
8 3.7117 1.265 0.955 8 21.647 3.191 6.742
9 3717 1.256 0.955 9 21.647 3.191 6.724
10 3.7117 1.256 0.955 10 21.647 3.191 6.724
11 3.717 1.256 0.955 11 21.647 3.191 6.724
12 3.717 1.256 0.955 12 21.647 3.191 6.724
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extremely sensitive to the sensor locations. This sensitivity
arises because of the inability of these filters to accommodate
the residual modes. Note that for Rayleigh-Ritz-type filters the
value of J is due to solely the second term in Eq. (46).

To identify the optimal location of the backup component,
values of the objective functions for each case of failure are
summed for the candidate locations using the relationship

¢
Jr = Ejjia
Ji=1
and given in the bottom of Tables 10-12. We observe that for
the cases of splines and finite-element-type interpolations, the
location of the backups is not very critical, with placement
around the middle of the domain giving slightly better results.
If the results of Tables 10-12 are compared with Table 6, we
observe that replacing a faulty sensor with a backup far away
from it results in a very high value of the objective function.
This implies that if the level of failure is low, and if the
location of the backup is too far away from the faulty compo-
nent, it may be wiser not to bring the backup on-line. This
problem disappears gradually as the number of sensors and
backups are increased because a large number of sensors leads
to more evenness. To investigate this, we increase the number
of sensors to £= 11 and consider 12 candidate backup loca-
tions, at z; =(x; + x;,1)/2 (i =0,1,..., ), with x,=0 and
xe+1=L. The number of monitored modes is selected as
m =7, and we include 7 residual modes in the mathematical
model. Due to hardware or geometry restrictions, the sensors
cannot always be placed at their optimally calculated loca-
tions. The operational sensor locations are therefore selected
using the relation x; = i&/(f+ 1) + R (i = 1,2,..., ), where R is
a random variable with a uniform distribution of [—-0.1, 0.1].
The results for J; are given in Tables 13-15. As expected,
values of the objective function become lower—especially for
Rayleigh-Ritz-type interpolations.
Next we examine the number of backup sensors required for
a reliable operation. We denote by n, the number of back-
up components. It follows that there are P=({+ 1)!/(n,)!
¢+ 1 —ny)! possible backup configurations. We denote the
locations of the backups by zix,22k5-++5 Znt (K = 1,2,..., P) for
the kth configuration. Considering failure of the jth sensor,
we define the value of the objective function when the jth
sensor is replaced by the ith backup as

i=12,.,0-1 49

(k)
Ji =T X X1y Xjatseens Xy Zik)

i=12,..., np, k=12,.,P 50)
and ior each set k and failure of sensor j, the minimum value
of Jj(, ) identifies which backup to use when the Jth sensor fails,
so that

® _ in (J0 ® 0
Ji7 =min (i, J'ses Tin,)

J=12,..., 8, k=12,..,P (62))
Then, for the entire set of sensor failures for the kth configu-
ration we define

4
k; k
JP =PI,
=1

which denotes the minimum value of the objective function
for the kth backup configuration. To find the configuration
that yields the smallest value of the objective function we
select the minimum value of J(Tk) (k=1,2,..., P) as Jymin=min
O, TP, T

Table 16 displays the values of J;, for varying numbers of
backup sensors and the three interpolation functions. We
observe that, for each interpolation, having five backups is
sufficient, and increasing the number of sensors beyond that
does not result in too much additional reliability. We also
observe that splines do a better job. It should be noted that in
the combination of backup sensor locations that gave the

k=12,.., P (52)
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minimum values of Jry,, the locations were all evenly dis-
tributed, but they were not the same locations for the different
interpolation functions.

The reason splines perform better than Rayleigh-Ritz filters
for this case is related to the contribution from the residual
dynamics. One can then raise the question as to how the
results of the optimization would vary if the objective function
were changed to one which weighs the residual dynamics even
less. To investigate this, we define the following objective
function

. m m
J=) [ {GH)py ~ 1/ (w0;)¥?

i=1Lj=1

n—m
+ E |GHR lij/(wiwm+j)3/2:| (53)

j=1

Table 17 shows the values of Jym, for the preceding objec-
tive function. We observe that the results for Rayleigh-Ritz
filters have improved substantially and are better than the
results for cubic splines. However, the counterpart of Tables
13-15 for this case (which are not given here for the sake of
brevity) still have the off-diagonal elements that are very high
for Rayleigh-Ritz filters.

Tables 16 and 17 indicate that the results of the optimization
and choice of the interpolation function are very much

‘dependent on the amplitudes involved in the residual dynam-

ics. If the system is highly damped, so that the modes that
are not monitored have negligible amplitudes, the Rayleigh-
Ritz-type filters do a better job. If, on the other hand, the
residual dynamics has some significance and failure of more
than one sensor is considered, or if the number of backups is
limited, splines do an overall better job. The decision as to
which type interpolation function to use should be taken con-
sidering the preceding factors as well as general convergence
characteristics.

V. Conclusions

The optimal placement of sensors and of their backups is
considered for distributed-parameter systems for cases when
the sensors’ output is used to extract modal coordinates from
the system output. Three different interpolation functions are
compared to implement modal filters. Of these, spline func-
tions are found to be more desirable—especially in the cases of
partial failures and when a backup is to be brought on-line.
The results indicate that a relatively even placement of the
sensors gives satisfactory results, with an uneven distribution
leading to inaccuracies in the modal coordinate extraction.
The optimal locations of the sensors to accommodate failures
are very close to the optimal locations found when all sensors
are operational. Also, accuracy of the modal filter extraction
is relatively insensitive to the placement of the backup compo-
nents as long as the backups are placed somewhat evenly. The
number and location of the backups should be chosen such
that, after a faulty sensor is replaced by a backup, the result-
ing sensor distribution will also be relatively even.
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